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Abstract We study the spin-1/2 Falicov-Kimball model with conduction and
localized f electrons on the Penrose lattice using the real-space dynamical
mean-field theory. By changing the f electron level, the f electron density at
each site changes continuously, in contrast to periodic systems with first-order
valence transitions. In the intermediate valence regime, the local f electron
number strongly depends on a wider range of the Penrose structure surround-
ing its lattice site, in spite of the local interaction between the conduction
and f electrons. The temperature dependence of the magnetic response is also
discussed.
Keywords Quasiperiodic systems · Falicov-Kimball model · valence
fluctuations
1 Introduction
Quasiperiodic systems have attracted considerable attention since the discov-
ery of the quasicrystals [1]. In the metallic alloys, the quasiperiodic structure
disturbs the formation of the Bloch wave, which should lead to remarkable pe-
culiarities of electronic and thermal conductivities. Recently, interesting low
temperature properties have been observed in the ytterbium alloys. In the
quasicrystal Au51Al34Yb15, the quantum critical behavior was observed in the
susceptibility and specific heat, while the heavy fermion behavior was observed
in its approximants [2,3]. Furthermore, superconductivity was reported in ap-
proximants of the related materials [4], which stimulates further investigations
on electron correlations on the quasicrystals. In these materials, f electrons
of Yb ions are considered to be in intermediate valence regime, and hence va-
lence fluctuations should play a role for these exotic phenomena, in addition
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to the quasiperiodicity. To clarify the nature of the critical phenomena and su-
perconductivity, several theoretical studies have been done in the viewpoints
of correlation effects within a Tsai-Type cluster [5, 6], disorder effect [7, 8],
and effect of quasiperiodic structure [9–12]. However, low-temperature prop-
erties in quasiperiodic systems with strong electron correlations and valence
fluctuations remain unclear.
In this study, to address the many-body effect and valence fluctuation in
quasiperiodic systems, we introduce a spin-1/2 Falicov-Kimball model (FKM) [13–
16] on a two dimensional Penrose lattice as a minimal model. We analyze the
finite temperature properties of this model using the real-space dynamical
mean-field theory (RDMFT) [17–19]. We have confirmed the suppression of
valence transitions by changing the f electron level in contrast to the FKM on
the Bethe lattice. At high temperatures, the occupancy of localized f electrons
hardly depend on sites due to strong thermal fluctuations. While decreasing
temperature, one can clearly see the site dependence in the f electron number,
which is classified by its coordination number. Further decrease of temperature
gives rise to the f electron distribution reflecting the wider range of the crystal
structure beyond the neighboring one in the intermediate valence regime. This
structure disappears at the lowest temperature. We also find that the mag-
netic susceptibility shows a peculiar temperature dependence in the competing
region between the intermediate and commensurate valence regimes.
This paper is constructed as follows. In Sec. 2, we introduce the spin-1/2
FKM and RDMFT as the calculation method. In Sec. 3, we present the numer-
ical results for the localized f electron density. The temperature dependence
of the magnetic susceptibility is shown in Sec. 4. Section 5 is devoted to the
summary.
2 Model and method
We study the S = 1/2 FKM on the Penrose lattice including Ns = 1591 sites
shown in Fig. 1. The Hamiltonian of this model [13] is given by
H = −t
∑
〈ij〉σ
(
c†iσcjσ + H.c.
)
+ εf
∑
i
nfi + U
′∑
i
ncin
f
i + U
∑
i
nfi↑n
f
i↓, (1)
where ciσ is the annihilation operator of the conduction electron at site i with
spin σ =↑, ↓ and nciσ = c†iσciσ. nfiσ is the number operator of the f electron at
site i with spin σ and n
c(f)
i = n
c(f)
i↑ +n
c(f)
i↓ . In Eq. (1), the first term represents
the hoppings of the conduction electrons with the transfer integral t between
nearest neighbor sites 〈ij〉 on the Penrose lattice. The second, third, and fourth
terms represent the f electron level εf , local Coulomb interaction U
′ between
the conduction and f electrons, and on-site Coulomb interaction U in the f
electron orbital. In the present study, we impose U → ∞, indicating that
the doubly occupied state for f electrons is excluded. Total electron number
N =
∑
i(n
c
i +n
f
i ) is fixed to n = 〈N〉/Ns = 1.9 to avoid the appearance of the
charge ordered phase.
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Fig. 1 (a) Penrose lattice with Ns = 1591 sites used in the present study. (b) DOS of the
tight-binding Hamiltonian Ht on the penrose lattice.
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Fig. 2 (a) DOS of the tight binding Hamiltonian on the Bethe lattice. (b) f electron
number as a function of εf in the S = 1/2 FKM on the Bethe lattice at U
′/W = 2.
To analyze the model, we adopt the RDMFT [17–20]. In this method,
the site-dependence of the self-energy Σ is taken into account but its inter-
site components are neglected. The noninteracting Green function is given by
Gi(iωn) = [Glattii (iωn)−1 + Σi(iωn)]−1 in the DMFT scheme, which maps the
lattice model onto impurity problems. Here, Glattii is the lattice Green function
and ωn = (2n+ 1)piT is the Matsubara frequency with integer n. An impurity
solver updates Σi using Gi for each site. Finally, the lattice Green function is
updated so that Glatt(iωn)
−1 = (iωn + µ)I −Σ −Ht, where I is the identity
matrix and Ht is the Ns×Ns matrix with respect to site representing the first
term of Eq. (1).
In general, numerical techniques such as the continuous-time quantum
Monte Carlo method [21] are needed to solve impurity problems in DMFT.
Therefore, it is hard to discuss very low temperature properties. In partic-
ular, in the f -electron systems on the quasiperiodic structure, the complex
temperature dependence should be expected [10, 11]. On the other hand, in
the Falicov-Kimball model, solving the impurity problem can be analytically
carried out [15,16]. The f electron number is given by 〈nfi 〉 = 1+ 12eβ(εf−µ)A2i
with Ai =
∏
n[1 − U ′Gi(iωn)]−1, and the self-energy is calculated from Σi =
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Fig. 3 (a) Site-dependent f electron numbers as a function of εf at T/W = 0.0233 and
(b) those as a function of temperature at εf/W = −0.465 in the Penrose lattice. Here, U ′
is fixed to U ′/W = 1.16. They are classified by the coordination number z.
G−1i − [Gimpi ]−1, where Gimpi is the impurity Green function given by Gimpi =
(1 − 〈nfi 〉)Gi + 〈nfi 〉[G−1i − U ′]−1. Here, we assume the paramagnetic system
and the Green functions and self-energy does not depend on spin. We iterate
the above procedure until the self-energy converges for all ωn at each site.
The magnetic susceptibility for conduction (f) electrons defined by χcc(ff) =
1
Ns
∑
ij
∫ β
0
dτ
[
〈M c(f)i (τ)M c(f)j (0)〉 − 〈M c(f)i (τ)〉〈M c(f)j (0)〉
]
with M
c(f)
i (τ) =
eτ(H−µN) 12 (n
c(f)
i↑ −nc(f)i↓ )e−τ(H−µN) is also evaluated from Σ and Glatt [15,16].
The f -electron susceptibility is simply given by χff = 1Ns
∑
i
〈nfi 〉
4T and χ
cf = 0.
On the other hand, the magnetic susceptibility for the conduction electrons is
more complicated due to the presence of the intersite correlations. This is given
by χcc = 12Ns
∑
ij T
∑
n χ
cc
ij (iωn) with χ
cc
ij (iωn) = [χ
0(I+Γχ0)−1]ij , where the
bare susceptibility and vertex function are χcc0 =
1
2Ns
∑
ij T
∑
n χ
0
ij(iωn) with
χ0ij(iωn) = −Glattij Glattji and Γij(iωn) = ∂Σi∂Glattii δij =
Σi(U
′−Σi)
1+Glattii (2Σi−U ′)
δij , respec-
tively. In the following, we set the unit of the energy to the half-bandwidth
W .
3 Distribution of f-electron occupancy in Penrose lattice
Before showing the numerical results for the Penrose lattice, we briefly touch
the DMFT results on the Bethe lattice, whose density of states (DOS) is shown
in Fig. 2(a). Figure 2(b) shows the f electron number 〈nf 〉 at U ′/W = 2 and
n = 1.9, where W is the half bandwidth. 〈nf 〉 monotonically increases with
decreasing εf as expected. At lower temperatures, there appears a flat region
with 〈nf 〉 ∼ 0.1 around εf = −1. We refer to this as the intermediate va-
lence region. At T/W = 0.025, we find a jump singularity in
〈
nf
〉
around
f/W = −1.5. This suggests a first-order valence transition from the interme-
diate valence state to the almost commensurate valence state with 〈nf 〉 ∼ 1.
Now, we consider the case of the Penrose lattice without translational sym-
metry, whose half bandwidth is given by W ' 4.3t as shown in Fig. 1(b). In
the case, the f electron number explicitly depends on the site position. In
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Fig. 4 (a) Site-dependent f electron numbers for the site with z = 5. Each colored symbol
represents 〈nfi 〉 on a particular site with the different local structure shown by the corre-
sponding colors in (b).
Fig. 3(a), we present the εf dependences of 〈nfi 〉 for all sites on the Penrose
lattice. The site average of 〈nfi 〉 is shown by the black filled circles. In contrast
to the case of the Bethe lattice, we do not find any anomalies corresponding to
valence transitions at the lowest temperature we have performed. More impor-
tantly, the εf dependences of 〈nfi 〉 are roughly classified by the coordination
number of their sites as shown Fig. 3(a). This feature originates from the itin-
erant properties of the conduction electrons and has been discussed in other
models with local interactions on the Penrose lattice, such as the Hubbard and
extended Anderson lattice models [9–11]. In the intermediate valence regime
around εf/W = −0.6, the site dependence of 〈nfi 〉 is observed remarkably.
〈nfi 〉 at the sites with z = 6 and 7 take almost 1, while those with z = 3 and
4 vanish in this region. We also find the large site dependence within the sites
with z = 5 shown in Fig. 3(a).
To clarify the more detailed nature presented in the intermediate valence
regime, we show the temperature dependence of the 〈nf 〉 at εf/W = −0.465
in Fig. 3(b). At high temperatures, 〈nfi 〉 hardly depends on its site position,
and the quasiperiodic structure play a minor role in the electronic state. With
decreasing temperature (T/W ∼ 0.2), the variance of 〈nfi 〉 for the site posi-
tion increases but this almost depends on the coordination number, namely
the local structure including its neighboring sites. Further decrease of temper-
ature below T/W ' 0.1 brings about more complicated site dependence. In
particular, we find that f -electron number for the lattice sites with z = 5 are
distributed in the wide range 0 <
〈
nf
〉
. 0.5. Nevertheless, all 〈nfi 〉 for z = 5
approaches zero and the f electron number depends only on the coordination
number z in the zero temperature limit.
Figure 4(a) shows the temperature dependence of the f electron numbers
for the sites with z = 5, which is extracted from Fig. 3(b). In the Penrose
lattice, similar local lattice structures appear with a certain density, which is
one of the most striking features of the quasiperiodic lattice. Here, we focus
on the four local structures with z = 5 shown in Fig. 4(b). Figure 4(a) shows
the data on the site with these local structures using the corresponding colors.
This result indicates that the site dependence of 〈nf 〉 around T/W = 0.01 is
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Fig. 5 Temperature dependence of the susceptibilities for the conduction and f electrons at
(a) εf/W = −0.930, (b) εf/W = −0.767, and (c) εf/W = −0.465. The bare susceptibility
χcc0 is also shown in each figure.
classified by the wider range of lattice structure surrounding its site beyond
the nearest neighbor one. On the other hand, this feature for z = 5 is ex-
pected to disappear at zero temperature. The present results suggest that the
wider range of lattice structure affects 〈nf 〉 only at intermediate temperatures
while the neighboring structure is relevant at zero and high temperatures. This
temperature dependence is schematically depicted in Fig. 4(b).
4 Temperature dependence of susceptibility
Finally, we discuss the magnetic response in the FKM on the Penrose lattice.
It was confirmed that the susceptibility is almost independent of the cluster
size in a similar model [22]. Figure 5 shows the temperature dependences of the
susceptibilities χcc and χff for the conduction and f electrons, respectively.
Note that χcc includes intersite dynamical correlations within DMFT. At the
high temperature limit, χcc and χff obey the Curie law. With decreasing
temperature, χcc increases but changes to decrease around T/W = 0.1, which
is commonly seen in the different εf shown in Figs. 5(a)–5(c). Note that the
deviation of χcc from the bare susceptibility χcc0 is enhanced with increasing
εf at low temperatures.
On the other hand, χff exhibits distinct temperature dependences for the
different εf . In the case with the deep f electron level, χ
ff monotonically
increases with decreasing temperature, as shown in Fig. 5(a). We then find
asymptotic behavior 1/(4T ) since f electron level is filled at zero temperature.
In the intermediate valence regime (f/W = −0.465), nonmonotonic behavior
is exhibited, as shown in Fig. 5(c). The decrease of χff around T/W ∼ 0.1
originates from the monotonic decrease of the site average of 〈nfi 〉, as shown
in Fig. 3(b). Between the intermediate valence state and that with 〈nf 〉 ∼
1, intriguing behavior appears. Figure 5(b) shows that χff obeys 1/
√
T at
lower temperatures, which is also observed in the extended Anderson lattice
model on the Penrose lattice [11]. Note that lower-temperature data could
not be calculated because of the bad convergence in the DMFT scheme. At
εf/W = −0.767, the large site dependence of 〈nfi 〉 due to the Penrose lattice
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is seen in Fig. 3(a). This might be an origin of the peculiar behavior of χff
in the competing region between the intermediate and commensurate valence
regimes.
5 Summary
We investigated the FKM on the two-dimensional Penrose lattice using RDMFT.
While the first-order valence transition exists in the FKM on the Bethe lattice,
this is suppressed in the Penrose lattice. Owing to the absence of the transla-
tional symmetry, the f electron number explicitly depends on the lattice site
and is roughly classified by the coordination number, which may lead to the
suppression of the valence transition. In the intermediate temperature region,
this is affected by the wider range of the lattice structure surrounding its site
but the short range structure is only relevant at the lowest temperature. We
also calculated the magnetic susceptibility and found the peculiar temperature
dependence, which might be due to the absence of the translational symmetry
intrinsic in the quasiperiodic Penrose lattice.
Acknowledgements This work is supported by Grant-in-Aid for Scientific Research from
JSPS, KAKENHI Grant Nos. JP16K17747(J.N.) and JP17K05536 (A.K.). Parts of the nu-
merical calculations were performed in the supercomputing systems in ISSP, the University
of Tokyo.
References
1. D. Shechtman, I. Blech, D. Gratias, J.W. Cahn, Phys. Rev. Lett. 53, 1951 (1984)
2. K. Deguchi, S. Matsukawa, N.K. Sato, T. Hattori, K. Ishida, H. Takakura, T. Ishimasa,
Nat. Mater. 11(12), 1013 (2012)
3. S. Matsukawa, K. Tanaka, M. Nakayama, K. Deguchi, K. Imura, H. Takakura,
S. Kashimoto, T. Ishimasa, N.K. Sato, J. Phys. Soc. Jpn. 83(3), 034705 (2014)
4. K. Deguchi, M. Nakayama, S. Matsukawa, K. Imura, K. Tanaka, T. Ishimasa, N.K.
Sato, J. Phys. Soc. Jpn. 84(2), 023705 (2015)
5. S. Watanabe, K. Miyake, J. Phys. Soc. Jpn. 82(8), 083704 (2013)
6. S. Watanabe, K. Miyake, J. Phys.: Conf. Ser. 592(1), 012087 (2015)
7. E.C. Andrade, A. Jagannathan, E. Miranda, M. Vojta, V. Dobrosavljevic´, Phys. Rev.
Lett. 115, 036403 (2015)
8. J. Otsuki, H. Kusunose, J. Phys. Soc. Jpn. 85(7), 073712 (2016)
9. N. Takemori, A. Koga, J. Phys. Soc. Jpn. 84(2), 023701 (2015)
10. S. Takemura, N. Takemori, A. Koga, Phys. Rev. B 91, 165114 (2015)
11. R. Shinzaki, J. Nasu, A. Koga, J. Phys. Soc. Jpn. 85(11), 114706 (2016)
12. S. Sakai, N. Takemori, A. Koga, R. Arita, Phys. Rev. B 95, 024509 (2017)
13. L.M. Falicov, J.C. Kimball, Phys. Rev. Lett. 22, 997 (1969)
14. W. Chung, J.K. Freericks, Phys. Rev. B 57, 11955 (1998)
15. J.K. Freericks, V. Zlatic´, Phys. Rev. B 58, 322 (1998)
16. J.K. Freericks, V. Zlatic´, Rev. Mod. Phys. 75, 1333 (2003)
17. A. Georges, G. Kotliar, W. Krauth, M.J. Rozenberg, Rev. Mod. Phys. 68, 13 (1996)
18. T. Pruschke, M. Jarrell, J. Freericks, Advances in Physics 44(2), 187 (1995)
19. E. Mu¨ller-Hartmann, Zeitschrift fu¨r Physik B Condensed Matter 74(4), 507 (1989)
20. W. Metzner, D. Vollhardt, Phys. Rev. Lett. 62, 324 (1989)
21. E. Gull, A.J. Millis, A.I. Lichtenstein, A.N. Rubtsov, M. Troyer, P. Werner, Rev. Mod.
Phys. 83, 349 (2011)
22. R. Shinzaki, J. Nasu, A. Koga, 809(1), 012022 (2017)
